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Most existing theoretical studies of momentum transport focus on calculating the Reynolds stress
based on quasilinear theory, without considering the nonlinear momentum flux-(v,7 ). However,
a recent experiment on TORPEX found that the nonlinear toroidal momentum flux induced by
blobs makes a significant contribution as compared to the Reynolds stress [Labit er al., Phys.
Plasmas 18, 032308 (2011)]. In this work, the nonlinear parallel momentum flux in strong
electrostatic turbulence is calculated by using a three dimensional Hasegawa-Mima equation,
which is relevant for tokamak edge turbulence. It is shown that the nonlinear diffusivity is smaller
than the quasilinear diffusivity from Reynolds stress. However, the leading order nonlinear residual
stress can be comparable to the quasilinear residual stress, and so may be important to intrinsic
rotation in tokamak edge plasmas. A key difference from the quasilinear residual stress is that par-
allel fluctuation spectrum asymmetry is not required for nonlinear residual stress. © 2015
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4919622]

I. INTRODUCTION

Tokamak plasma rotation and toroidal angular momen-
tum transport have been subjects of intensive study due to
their important role in reducing turbulent transport as well as
in stabilizing magnetohydrodynamic (MHD) instability such
as resistive wall modes.'” Owing to a wide range of benefi-
cial effects on stability, confinement, and performance of
tokamak plasmas,®* much effort has been devoted to under-
standing the mechanisms underlying the change in rotation
and how to control it. On one hand, there are a number of
known causes for the plasma rotation to slow down such as
nonaxisymmetric error fields,”® loss of momentum input as a
consequence of Alfven eigenmodes,’” and edge localized
modes (ELMs).8 On the other hand, toroidal rotation is
driven externally by neutral beam injection (NBI) on most
present day devices. However, beam injection may be of lim-
ited utility in providing enough external torque in future
reactors such as International Thermonuclear Experimental
Reactor.” One alternative is to take advantage of intrinsic
rotation (spontaneous, or self-generated, in the absence of an
external momentum input), which has been widely observed
under a variety of operating conditions.'® Consequently,
understanding plasma rotation and momentum transport
under low external momentum input condition is of major
interest.

The total flux of parallel momentum driven by electro-
static turbulence has the form"'

I, = (n)(,2,) + (U, )(0r01) + (0,0i)). (1)

Here, on the right hand side (RHS) of Eq. (1), the first term is
the parallel Reynolds stress, the second term is the convection,
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due to particle flux, and the third term is the nonlinear flux.
The Reynolds stress can be further decomposed as

o (U,
<UrI/lH> = *X(p% + V<UH> + Hﬁﬂs, 2)

where on the RHS, they are diffusion, pinch term, and resid-
ual stress, respectively. The residual stress is thought to be
the origin of the intrinsic rotation, which has been inten-
sively investigated by using quasilinear theory.'? In addition,
turbulent acceleration is proposed as another possible mech-
anism for driving intrinsic rotation.'>'* Turbulent accelera-
tion acts as a local source or sink, which has different
physics from the residual stress. The third term on the RHS
of Eq. (1), (0,7i)), represents the nonlinear (as opposed to
quasilinear) flux, driven by processes such as mode-mode
coupling and turbulence spreading.'' Most existing theoreti-
cal works on parallel momentum transport neglect the non-
linear flux, which is less understood. ' However, the
nonlinear flux may also influence the rotation profile, espe-
cially at the boundary where the relative fluctuation ampli-
tude can be strong, i.e., since :—U — 1, the nonlinear flux
cannot be dismissed as small. In this sense, momentum trans-
port theory is still not well developed.

Recent experimental results on TORPEX showed that
blob induced fluctuations are so strong that the toroidal
flow is transiently reversed, and the associated nonlinear to-
roidal momentum flux can be dominant for some time.'?
This result suggests that the nonlinear flux is no longer neg-
ligible. Similar blobs in L-mode'®? and ELM filaments in
H-mode™? are observed in tokamaks. In general, the non-
linear flux is of potential relevance in the strongly turbulent
edge. Therefore, to fully comprehend momentum transport,
a theoretical study of the nonlinear momentum flux in
strong turbulence seems necessary.

© 2015 AIP Publishing LLC
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In the present work, we calculate the nonlinear parallel
momentum flux by using the three dimensional Hasegawa-
Mima equation’ containing the compression of ion parallel
velocity and the ion parallel momentum equation. For com-
parison, the parallel Reynolds stress is also calculated. We
find that the nonlinear diffusivity is small compared to the
quasilinear diffusivity from the Reynolds stress. However,
the dominant nonlinear residual stress can be comparable to
the quasilnear residual stress with opposite sign, if increasing
fluctuation intensity profile is used for the residual stress.>*
This indicates that strong momentum transport induced by
blob ejection at edge is important to intrinsic rotation. We
also find that parallel fluctuation spectrum asymmetry is not
necessary for nonlinear residual stress, in contrast to the case
of quasilinear residual stress.

The remainder of this paper is organized as follows.
Section II presents the minimal model adopted in this work.
The nonlinear momentum flux and its comparison to the
Reynolds stress are presented in Sec. III. Finally, we summa-
rize our work and discuss the implications for momentum
transport and rotation response to blob ejection in Sec. IV. In
Appendixes A and B, we present details of the calculation.

Il. MINIMAL THEORETICAL MODEL

To obtain the triple nonlinear momentum flux, (&, 7y),
we need to calculate the coherent part of fluctuations for the
beat mode, and then use the two-scale direct interaction
approximation (TSDIA).*-° In this way, the nonlinear par-
allel momentum flux can be written as

M =3

Here, the superscript (c) means the coherent component of the
beat mode. v, = —ik, ¢ is the radial fluctuating E x B drift

. o N TS
velocity. For simplicity, the adiabatic approximation =T

n() em

is used, so we have . If the temperature is not too

low such that kjvy,, / (a)kye,) > 1, with v, is the electron ther-

mal velocity and v,; is the electron-ion collision rate, the adia-
batic condition satisfies. Hasegawa-Mima(H-M) model*® and
Hasegawa-Wakatani(H-W) model’” are two popular drift
wave models. It is well known that the H-W model reduces to
the H-M model in the adiabatic limit. kj = 0 driven mode
effects are neglected here. Now, the coherent parts of (?) and
u) are required. In this work, we adopt three dimensional
Hasegawa-Mima equations with parallel flow compression
which can be written as

0

5 —(p2V3id— )+ piwai x V- VVid—iwmd =,V uy,
“4)
and the parallel momentum equation for cold ions
0 24 0 a
<a + weipz X V- v) u = psa <UH> 8_y¢ = C‘vad)'

o)
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Here, y and 7 are the unit vectors in the poloidal and parallel
magnetic field directions, respectively. We have used the
standard normalization for electric potential fluctuation
¢ = e /T, parallel velocity fluctuation u| = iy /cs, with
w.; = eB/(m;c) the ion gyrofrequency, ¢, is the ion acoustic
velocity and p; = 2= is the ion Larmor radius at the electron
temperature. For the spatial scale, we consider two-scale
approach, i.e., V|, =ik, + 0/Jr, where k, denotes wave
number of the fast spatial fluctuations and 9/0r describes
modulation of the wave envelope, which occurs on a slowly
varying spatial scale. w,, = ypics/Ln is the electron dia-
magnetic drift frequency with L, = —(dlnn/dr)~" density
gradient scale length and (U)) is the mean parallel flow ve-
locity. The last term on the RHS of Eq. (4) comes from ion
parallel compression. In Eq. (5), the assumptions of isother-
mal electrons and w; > k| (U)) are used, and ion pressure
gradient, V| P;, is absent due to the cold ion approximation.

Taking the Fourier transformations of Egs. (4) and (5)
yield

e ik cs

9 |
g ' = 3 M. 6
A 1+&2p 2¢‘ 1+km (o S (6a)

. 0 .
i = ikyp, (U, ) b+ ik, oty = > M, (6b)

k=K' k"

9
ot

where the nonlinear terms are

Wei a
Mg = m/’f{z X K\ K] (K7 = K7) o
1Fs

0

i 5o [K (K2 = K2) = 2Kz > K- K]
0

—id - by [k;’ (K2 —K?) —2k2 x K, - kﬂ }

(7a)
2 WDej ! /%)
Mk,k’,k” = 72 X kl . kLps (¢k;uk// _ ukrd)k,,)

6
v 2o.)

0
4 Eqﬁk/ — (j)k//auk/) . (7b)

k/ 2 <¢k’ Upr —

o
<l lk” 2w
2

Here, the higher order terms related to slow spatial variation
% have been neglected. Equations (6a) and (6b) can be
expressed compactly in the form of a matrix as follows:

> M}y, ®)

0 2
t’h + Hkﬂ’?f =

9 k=k'+K"
with
¢
M = |:Lt]]: )
Wy ik“Cs
TR 1+ K p}

. 0
ikjes — ikypy 5 {U)) 0
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and

E 1
Mk.k’,k”

k=K k"

§ : 2
Mk.k’,k”

k=k' k"

Mk,k'ﬁk” =
k=K'+k"

The linear theory of this three dimensional Hasegawa-
Mima system is clear. The dispersion equation is as

follows:
. k2 2
N . LWypy H s
M=l X ——5—+1 , 9a
1 T ep o, (9a)
kHC
}2 = l(Ukz S (9b)
Wiep

The nonlinear terms are crucial to produce the coherent
parts of the beat mode. To evaluate it, we choose k for a
label of a test mode. The mode k interacts with other modes
through various combinations (k’, k). Among possible com-
binations, let us take a particular set of (k’,k”), and we can
write nonlinear coupling terms as

o o o
E Mk,k/,k/l = E Mkp pn + 2Mk,k/,k”' (10)
k:kl+k” k:purp”,k'?ép',p”

By using the eddy-damped quasi-normal Markovian
(EDQNM) theory,*®*® the nonlinear coupling terms can be
decomposed into the eddy-damping rate and fast fluctuating
force. If the number of excited fluctuations is so large that
subtracting the particular set of (k’,k”) mentioned above
does not change the eddy-damping rate,”® the nonlinear cou-
pling terms can be written as

> M = =W A Fra +2M] e, (1D)
k=K +K’
where y¥L is the eddy-damping rate and Fy, is the fast fluc-

tuating force, which does not contribute to the coherent
part of the beat mode. Note that the nonlinear damping
rate is larger than the frequency mismatch for strong tur-
bulence. By diagonalization of the matrix H in Eq. (8), the
coherent component of beat mode can be obtained as
follows:

1
) = 2J AR (1,0 )M, 0, (12)

where the response function Rzﬁ (¢,7) is

R, 1) = P exp [(ions + M) (0 — 0] (13)
with
1 kHC‘Y
r:’“ ~ Wyp L ’
kes(1+42p2) ket (1 +42p7)
WDixn wzn
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ke (1+k07) ke
rozﬂZ ~ wzn Wyp
k p—
—kie(L+k07)
Wip

The details of calculation are presented in Appendix A.

Inserting the coherent component, Eq. (12) into the non-
linear momentum flux, Eq. (3), then we need to calculate the
forth order moment terms. By using the approximation of
quasi-Gaussian statistics (i.e., the assumption of almost stat-
istically independent fluctuations, referring to the closure
theory in Ref. 36), the forth order moment can be decoupled
into a product of quadratic moments, i.e.,

(e (O () () (7)) = (e () (7)) (g () (1))
(14)

Here, with the Markovian approximation, the quadratic
moments, or in other words, the two-time correlation
function can be expressed by one-time correlation func-
tions as

NGUAG)E
(15)

(e ()l (1)) = explion(t — 1) — yYLI¢ — o] (nf

Now, we have all the essentials for evaluation of the nonlin-
ear momentum flux.

Ill. NONLINEAR RESIDUAL STRESS AND
COMPARISON

In this section, we present the results for nonlinear mo-
mentum flux without showing the tedious calculations. The
details of calculation can be found in Appendix B. Here, we
write the nonlinear parallel momentum flux again as
follows:

1

=3

(<a,<f'>ﬁﬁu> + (@A) + (E,ﬁﬁﬁ")>). (16)
We need to substitute the coherent components q&,(:') into
the first two terms and u,(f) into the last term on RHS of
Eq. (16) to calculate the nonlinear momentum flux. The
results of the first two nonlinear momentum flux terms can
be written as

i
=2nc?R Y {(iky - ik;)ps
r
» j R 1.0 M o O O )|
- _n 1 < >+ OHNﬁ;esa (17)

with the leading order nonlinear diffusivity is

}’NL _ 1 Te1Wei
1

Ps
= - pC Il —= 9nAu ",
2/)A s 1 kip% klk ngk Kk

k=k'+k"
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and the leading order nonlinear residual stress is

. 1
NLyes __ 2
I =56 Tielie
k=k'+k"
Te1Wei A//z pv
X | —————guAp
[( +k2 2)5% K k" LL,L,

L A//Z
+2—10m k” 18k .

L 2W¢i ,osgk k LS:|
Here, 7.1 and 1, are triad interaction time for vorticity
equation and parallel momentum equation, respectively.
They can be estimated by the inverse of corresponding
nonlinear damping rates, because the nonlinear damping
rate is much larger than the frequency mismatch in
strong turbulence. I; = |¢;|* is the fluctuation intensity,
Ll, I ()rlk is the intensity gradient scale length, L is
the magnetic shear scale length, A is the mode width,
and other dimensionless parameters are Ay

= K2 (K2 — K+ 2K2) pt, g = 292 Note that L; is
Y i’ (‘“k Fene2 )

positive for increasing intensity from inside to outside and
L, is positive for normal magnetic shear. Ay > 0 for
k| ~ k'l and g, is always positive. Therefore, the leading

order nonlinear diffusivity satisfies )~ > 0 for increasing

intensity profile in the edge regime. The sign of vaﬁl'”

depends on the sign of L, and so is negative for normal
magnetic shear.

The other nonlinear momentum flux term can be written
as

:2n0c2§R Z —ik, p,

(U .
— 7n0Av2L < ‘”>+n0HAfLJex, (18)

where the leading order nonlinear diffusivity is

1
2

/NL

n 2P
=~ PsCs . kzk” TLZwu[k’]k” (gk’ gk”)k Py LS

and the leading order nonlinear residual stress is

NL, p
IT, szes =c? g TeaWeilplin g k”kng :
=Kk L

Here, the sign of y) is not clear. We can rewrite its expres-
sion in terms of symmetric k' and k", y)* o< (gv — gur)
(k? — k”z), which is positive. Then _one can find that the
sign of x5 is the same as that of ), i.e., it is positive for
increasing intensity profile. However, the sign of nonlinear
residual stress, Hﬁ‘{” is opposite to that of vaﬁl'”, ie.,
levﬁ"z"“ is positive for normal magnetic shear.

"To compare with the usual Reynolds stress, we also cal-
culate it quasilinearly

Phys. Plasmas 22, 052302 (2015)

Rey
H )l —n0<v,uH

=R Y mocikpudim)

k=k'+k"
oUu
= ng (_XQL < H> + HQL res) (19)
with quasilinear diffusivity

or rll
b =pee Y Iy,

k=k/Fk"

and quasilinear residual stress

A2
l_IQL’eA = —C2 Z hkilk.
| s
k=k'+k" LSLI
K2 pycs|venea . .
Here, h; = % Parallel symmetry breaking induced
k k.NL2

by fluctuation intensity gradient™ is used for the quasilinear
residual stress. The quasilinear diffusivity is positive definite.

Different from the nonlinear residual stress, the sign of qua-

silinear residual stress depends on both L; and L. HQﬁ T

negative for increasing intensity profile and normal magnetic
shear.

Before comparing the nonlinear results with the quasilin-
ear ones, we clarify the orderings of typical parameters that
we will take in the following. The relative fluctuation ampli-

tude from mixing length estimate, i.e., ¢, ~ ¢ IL is used. For

the spatial scales, k, ~k, ~k; ~1/A L, ~L;~L, and
2
2 . .
%)~ (%) ~ £ ~ ¢ are used, with € < 1 a small ordering
parameter, which are consistent with typical blob parame-
ters.'>2%2! For the temporal scale, normalized real frequency
is order of —(k°‘flf_) ~ % ~ ¢. The triad interaction time can be
estimated as the inverse of nonlinear damping rate, because
the frequency mismatch is much smaller than the nonlinear
damping rate, as mentioned before. It was shown that

the order of magnitude of the nonlinear damping rate for vor-
~ 1+k’ 2 hye, sPr

~ kﬁ_ pfwk.36 Comparing the nonlinear terms in vort1c1ty
equations and the parallel momentum equation one can
divide yk L by a factor of k7 p? to estimate 735, i.e., yk 7~ W
Then we can estimate the order of magnitude of the nonlinear
and quasilinear diffusivity and residual stress based on above
orderings. The results are listed in Table L.

From Table I, we can see that the nonlinear diffusivity is
smaller than the quasilinear one. However, the leading order
nonlinear residual stress is in the same order as quasi-linear
residual stress, but with opposite sign for increasing fluctua-
tion intensity profile. Note that the dominant contribution to
the nonlinear residual stress comes from (E,ﬁﬁﬁ% which is

ticity equation could be estimated as kﬁ

TABLE I. Comparison of nonlinear and quasilinear results.

Diftusivity(p,cy) Residual stress (c_\z,)

(5712”> E1/2 765/2
®9hay) + (@,790) a2 —?
(i‘,ﬁﬁ‘(“'g) &2 &2
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due to the coherent component of u. This is because the
order of the nonlinear interaction coefficient for # is higher

than that for ¢, by an order k2 p? ~ ’A—‘ ~ €. Moreover, the

term proportional to guk/ or %ukn in M} i Tesults in the
leading order nonlinear residual stress. The details of calcu-
lation can be found in Appendix B. The radial derivative of
uy. contains the radial derivative of k|, due to the radial posi-
tion dependence of k. We also note that an asymmetric par-
allel fluctuation spectrum is not necessary for non-zero,
nonlinear residual stress due to the radial derivative of k.
This is in contrast to the quasilinear residual stress, in which
an asymmetric parallel fluctuation spectrum is required. For
instance, the factor £~ in the quasilinear residual stress is
induced by ﬂuctuatlon 1nten51ty gradient symmetry breaking,
which is order of €. This is a partial reason why nonlinear
residual stress can be comparable to the quasilinear one.
Another reason is that the relative ﬂuctuation amplitude is

l ~ L—, ~ €. This is differ-

ent from weak turbulence, for which |¢,|* ~ €2.

large in strong turbulence, i.e.,

IV. SUMMARY AND DISCUSSION

In the present work, we have derived the nonlinear par-
allel momentum flux for a three dimensional coupled drift
waves and ion acoustic waves system. A Markovian
approximation has been used for closure modelling. We
estimate the triad interaction times for conditions of strong
electrostatic turbulence. We also compared the nonlinear
results with the quasilinear ones. It is shown that the nonlin-
ear diffusivity is smaller than the quasilinear one. The lead-
ing order nonlinear residual stress can be comparable to
quasilinear one based on the orderings we choose. This
indicates that taking into account nonlinear wave-wave cou-
pling effects on parallel intrinsic rotation is important. It is
known that non-zero quasilinear residual stress requires
symmetry breaking such as fluctuation intensity gradient’
which we adopt in this work. However, in contrast to quasi-
linear theory, we find that an asymmetric parallel fluctua-
tion spectrum is not required for a non-zero nonlinear
residual stress.

According to our theoretical results, the nonlinear resid-
ual stress is not negligible for strong electrostatic turbulence.
In general, the nonlinear momentum flux is of potential rele-
vance to tokamak edge region where similar blobs in L-
mode are also observed. Therefore, it may be needed to
include the effects of nonlinear residual stress induced by
blob ejection on intrinsic rotation in tokamak experiments.
In addition, recent analytic and numerical studies have
shown that the three-dimensional scrape-off layer turbulence
is important to intrinsic rotation and momentum trans-
so consideration of nonlinear momentum transport
in those models might be worthwhile. Furthermore, numeri-
cal simulations based on the model discussed in this paper is
useful for our understanding of the parallel momentum trans-
port in strong electrostatic turbulence. Recent experiments
on ASDEX-U found the triple fluctuation term, 0,720,y is
dominant as compared to the poloidal Reynolds stress in

Phys. Plasmas 22, 052302 (2015)

turbulent poloidal momentum flux induced by ELM bursts
during an H-mode discharge.** In our future work, we will
extend this work to focus on theoretical models of the
nonlinear turbulent poloidal momentum transport. We also
plan to compare nonlinear residual stress models with
J-TEXT measurements of intrinsic torque and blob
populations.

Finally, we note that both resonant particle momentum
diffusivity and residual stress can be calculated systemati-
cally to O(qﬁi) in perturbation theory, for weak turbulence.
The analysis follows Manheimer and Dupree*? and is similar
to that for anomalous heating.** Though nominally higher
order in perturbation theory, the results are not negligible, on
account of differing resonant particle populations at different
phase speeds.
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APPENDIX A: LINEAR RESPONSE FUNCTION OF
THREE DIMENSIONAL HASEGAWA-MIMA SYSTEM

The linearization of three dimensional Hasegawa-Mima
system can be proceeded as follows:

Wiy l'k”CA
H= 1+klps 1+kj_ps = [a z]a
¢
l'kHCs 0
where we have neglected ik, p 0% ).
a—72 b )
=0=A"—al—bc=0.
¢ -2
i P [ O 2 14 ikycs .
T+ T+ 1+k2p2 17
B 2
k3c? k2c?
. Win [|™s [} s
M 2Ei—— , S Al
! 1 ‘l‘ klpv +l Wyp 2 : Wiy ( )

The transformation matrixes are

b b
P = , and
),1—(1 )uz—a

P—l _ /lz—a —b]

1
b(72 — 1) L,l] b

By direct diagonalization of matrix H in Eq. (8) and
with the help of Eq. (11), we can get the equation

)
=1+ (o )N =2ME o + Fiye (A2)

ot
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Then, the above equation can be solved as
t
;/’;:((C) = J dt/ exXp [()vk,g + "/kNﬁ)(l‘l - t)](zM]?fk/,ku + F;<$o()7 (A3)
where 17} = P;};nf,M,’gkw/ = P;}}Mﬁ,{,_’k,,,Fﬁw = P;’};Fk_ﬁ.

Because F, is fast fluctuating force, which does not contribute to coherent parts of the beat mode, we can neglect it here.
Multiplication of Eq. (A3) by matrix P on the left, we can get the coherent component of the beat mode

' = Pagn. (Ad)

The explicit expressions can be written as
©_,
b = 2J dt' exp [(ion + 1) (0 = OIPIPY My g o (€) + P M g ()]
1
+2J di' exp (i + 73 ) (1 = OIP12[Py My oo (1) + P Mi oo (1),
—00
t
i =2 dtexpllions + A ~ DIPaP ML () + P MR (1)
!
+2J dr’ exp [(ioga + 733 ) (1 = 0P0[P M} 10 (1) + P M 401 ().

Then, we can rewrite them compactly in the form of matrix as Eqgs. (12) and (13) easily. The matrix in response functions are
rzﬁl — PgdPl‘ﬁ1 and rZﬁZ = PacZPz_/}l’ respectively.

APPENDIX B: CALCULATION OF NONLINEAR MOMENTUM FLUX

More detailed calculation of nonlinear contribution is given in this section. The linearization of Eq. (6b) can be written as

kew — kop 280D
[|Cs — KyPs or ¢ (B])
y=——-—9=>_0o)
g Wk + 1Yk N2 ‘

Because wy, resulted from correction of the parallel compression is much smaller than @y, we only take @y, here, and
omit the subscript 1 for simplicity in the following calculation. First, we present the result of H{Yﬁl without tedious
calculations '

t
HNHI — <"(L)I7ZIZH> =+ <5,ﬁ(6>ﬁu> = 2}’106?% Z |:(lky — lk;)psj dt'(R}f(lyt/)Mfz/,k”(f’)nk/(’)Mk”([»}
k=k'+k" -0

—2m 2R Y lk"psj at exp] (=ioons + 1) (0 = 0| (ME5 0 ()b (D1 (1))

k=k'+-k"
. ! . kjcs 5,
+2I’l0€f§R Z lk;sz d[/exp[(—l(l)kl +’ykNlL) (t/ _t):| < Il sM/%,k’,k”( )d)/(/( )I/Lku( )>
k=K' +k" —00 Wiy
1 o(Uy) Tl O p L A AP+ A" 3
=5hn SCS I /I " - : & " JA 4 ”+7HT(' Wi 2k//2 2 + h /h " **k o
2 0p k;kv k=g (1+kip§)gk L KK L 2 Py LI LL, K =5k, pAgkgk
2
2 Te1 Wej /0Y A
_7}106' Ik’Ik” 78/&'141& kui——f—z thwuk p i i
k kZ-H(” l kip?) L L[LI s LS
A/2A1/2 n
—Te2Wei—5 75— L2L2 (hk’hk/’ —|—k ps v — k//2ps gre k”)
8<U > res
= —noy\* 27 OHNL 7 ®2)

A

or
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with

1 Ty Wei . Ln A//z A/Z + A//z 3
nt= 5 PsCs Z Tl {l—&gk”Ak’,k”_Tczwciz [Zk;/ngpk" b ey — Ek;lzpfgk'gk” ,

k=K k" (1+k%p2) Ly LLy LiL;
and
1 T e A" P L "
e = -~ ¢? 0% |:L—ugk”Ak’ g 2wk p g g
7|l 2 Sk:;.;kﬂ (1 +kip§) ML L L 2Wciky " P L%
A/2Ar/2 Ln . -
— T2 Wi —55 7 (hk’hk” + k) pipr — 3k, p; gk’gk”):| .
L Ly . v Fs
- o 2 k2c?
Here, the dimensionless parameters are Ay o = K2 (K2 — K2 4 2k2) p?, g, = —26®% _ p = KAl oq ) = K6
P Kk Y ( + IR )p57 8k (wf+7’/%.NL2) » Tk (‘”ZJFVf,NLz) Pk (wz+7’f.NL2)

The first lines in 7)’* and IT" " are leading order.

The calculation of Hf’ﬁz’ is written as follows:

t
', = (o)) = 22 Ry fik;pSJ dt (R (6,0 )My 1 (¢) i ()i (1))
k=K k" —o0

t
=amcR S ik, [t exp[(-ion + ) - 0] 04350006 (O ()
ke=k'+k" o

kucs(l + k3 p)
w*n

!

FomR Y —ik;pSJ dfexp[(_iwkl+y;yf)<f_z>}< M;j;,,.k,,(f)¢k,(t>nk,,(t)>
k=K K" —o0

kﬁcf(l + kipf)

l
LR Y —ik)’,pSJ dﬂexp[(_iwmyg;)(f_z>]< Mg;_k,,<t')¢k,(t)nk,,<t)>

k=k'+k" wfn
= mlR Y kel [<¢z,<r>¢kf<r>><psa%';@nk~<z>> ~ 0 0)  p, nw(t)>]
k=k+k"

kjes (144 p7)
Wyp

. o¢;,,(t
R S o 02 = 2+ 20254070 ), 2 o)
K=k A"
G 1+ Bp?)

R Y g P [<¢;:,<r>¢k,<r>> (0 ™50 ) )~ 00 2 nku<r>>] .

k=k'+k" n
(B3)
As we can see, we have written Hff ﬁz into three components, and we will calculate each of them one by one as follows:
X’ P 8<U H> 1
P 2 0 . 0 — K P
514,?/ (t) > Cy (LS Cy a}" yrs < a(]sk// $ s *
ps—n—m(t) ) = — : Py b ) ————r (P brr)
,{:%:k,, < Or k:;k,, Ps ) or o — iyl
1k pgdpr U
= __ Lkm 2 Cs  Ps () . (B4)
20)k” — W LS L] or

k=K' k"

Here, k| = ky ;- is used. L, is the magnetic shear scale len%th, X = rog — r, where rq is the radial location of resonant surface. So
the second term in the second line comes from %k” = — 7~ Note that parallel asymmetric fluctuation spectrum is not required
for the second term

¢ p AU,
Y ) = 3 (e e o O
k=k'+k" ¢ ! k=K' k" Ps Wy —l'))gé’ K k(1)

/ 1. 12
_ Z kyps K (C.v A + 8<U|>> (B5)

iNL \ o -
e O = gy \psLsLy O
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According to Egs. (B4) and (B5) we can get the first component of Hf{ﬁz, i.e., Eq. (B3)

R Y a0kl [<¢z,<z>¢kf<r>>< a”g;“nu<r>>—<uz,<r>¢kf<r>><ps8¢§;(’>nw<r>>]

k=K' k"

1 kS ol : ou K, py - A? O(U I
:—HOC2§R Z Tc20)uk Py [_—[/—pSk (Zﬁ—f—& < >>+ ypS.k C_S + < ”> Pk

Pt 27 wp —iyp5 \ Ly Ly Or oy — N5\ py LsLy or 2L,

1 Ps Ps NUy) | ps A” Ps
= — 5}10(‘? Z TL'Zw(,'i[k’Ik” [L (gk/ — ) klz 2 8}”“ + Ek;zgk’ LSL[ > y gk" .
k=K k"

Now, we turn to the calculation of the second component of Hﬁﬁz.

k s 1 k2 2 *H
noc2R Z rclwl,-,-Mkf (K7 — K2+ 2K%) pt (o}, (z)¢k,(z)>< P, i (1) nkn(t)>

k=R Tk Din o

L,(x +x’/)( +klp3)

—ndR Y o e 3080 0) (.22 e 1))

K=Kk Lspy
(1+&p A”?
= —l’l()C Z Te1 O, ni)Ak//’k/ E[k/lku,
k=k'+k" 1

%/( )

Note that we have used the relation R )", .. (x"p; n(£)) = 0 in the calculation above.

By the same token, we can get the last component of H,_ > as follows:

kie; (1+kip ), ou(t P (1
RS s 0 ) . 2 e 1))~ 06 0) (0,25 e )
k=K Tk wn
L2 1 k2 2
_ —ngcfﬂ? Z T Wy n( 42_ ZLps)( /2+x//2+2x/ ”)k;zpf
k=K k" L5p;

x [<¢;<z>¢k,<r>>< 80 )~ 00 p 6¢§;(’>nk~<r>>]

LZ
= —ngcIR Z Tczwcilk'lk”L—g (1+&207)

k=K k"
K 7+ ps MUY Kps (e A” OU)) py
wpr — 1 /k/’z 2L1 or wp — iy% pLsLy or | 2L;

( r //) &&8<UH> ¢ Ps A? g Ps g// 3ps klelz A”2
kKooK ear, or TCRaL Lr CFL Ly ’

% {k;z(AQ +A//2)

—K2N? k;/ps &Q&
Y Wy — ly],y,,Lz L2 LS

L?

L2(1+k
- —l’l0C2 Z TCZwClI/C/Ik” M {k;z (Alz + ANZ)
k=k'+k" s

(B6)
Here, we have used the relation

Ou (1) A"?3p
§R " k At _ NI Y 75.
> (v 25 ne)) = el 3

Finally, we combine all the components of Hf{ ﬁz to obtain

! T Ly(1+ K p3) | p,0(U))
NL . . _ 2.2 (A2 "2 1FPs) | Fs
H 2 = Enopscs o T2 Wil L (gk’ gk”) ky ps + ky (A +A ) LSZ L or
ps L2 +Kp A?
+noct ) fczwc,-lkflkff{gkwk’zp? L o (1+#%p2) (L 2 5 S)Ak”,k’
k=K' k" s n | 1

2( A2 2) P 2 2 L A”p
/ I . N /. S N
_ng//ky (A + A )E + gk’ky Py L2(1 i kipz) L12 E

U
ot 2 e (B7)
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with
1 L1+ k%) ]| p
B =5 pscs Z Te2Ocilply (8¢ — ) X k;zpf + k;z(Alz + Aﬁz)i( 3 1) =,
2 fe=k'+-k" LS L[
and
Hm‘{e‘v = Z TeaWeil gl
k=k/+k"
L? Ly(1+ k% p?) A? 0y L? A% p
% K2 g& _ I (12 |2 LP5) A B oo k2 (A2 4 A Ps K202 s 2 Ps
8k y Py Ls 2[% ( + J_pj) Lnkip% k" K L[z 8k y ( + )Lv +g/< y Py L%(l +kip3) L12 Ls

Note that the first terms of x5~ and H[rvﬁ’z'.” are leading order.

We ha\,’{? Jepresented 7. by 7o by using the relation
T = ﬁ 7.1, which comes from the comparison between
nonlinear terms in vorticity equations and those in parallel
momentum equation.

'A. Bondeson and D. J. Ward, Phys. Rev. Lett. 72, 2709 (1994).

’R. Betti and J. P. Freidberg, Phys. Rev. Lett. 74, 2949 (1995).

3R, Fitzpatrick, R. J. Hastie, T. J. Martin, and C. M. Roach, Nucl. Fusion
33, 1533 (1993).

“R.C. Wolf, Plasma Phys. Controlled Fusion 45, R1-R91 (2003).

5S. M. Wolfe, I. H. Hutchinson, R. S. Granetz, J. Rice, A. Hubbard, A.
Lynn, P. Phillips, T. C. Hender, D. F. Howell, R. J. La Haye, and J. T.
Scoville, Phys. Plasmas 12, 056110 (2005).

°R. Fitzpatrick, Nucl. Fusion 33, 1049 (1993).

"E. J. Strait, T. S. Taylor, A. D. Turnbull, J. R. Ferron, L. L. Lao, B. Rice,
O. Sauter, S. J. Thompson, and D. Wroblewski, Phys. Rev. Lett. 74, 2483
(1995).

8B. Goncalves, C. Hidalgo, M. A. Pedrosa, C. Silva, R. Balbin, K. Erents,
M. Hron, A. Loarte, and G. Matthews, Plasma Phys. Controlled Fusion 45,
1627 (2003).

ITER Technical Basis, ITER EDA Documentation Series Vol. 24, IAEA,
Vienna, January, 2002.

191 E. Rice, A. C. Ince-Cushman, M. L. Reinke, Y. Podpaly, M. J.
Greenwald, B. LaBombard, and E. S. Marmar, Plasma Phys. Controlled
Fusion 50, 124042 (2008).

P, H. Diamond, C. J. McDevitt, O. D. Gurcan, T. S. Hahm, W. X. Wang,
E. S. Yoon, I. Holod, Z. Lin, V. Naulin, and R. Singh, Nucl. Fusion 49,
045002 (2009).

2p g, Diamond, Y. Kosuga, O. D. Gurcan, C. J. McDevitt, T. S. Hahm, N.
Fedorczak, J. E. Rice, W. X. Wang, S. Ku, J. M. Kwon, G. Dif-Pradalier,
J. Abiteboul, L. Wang, W. H. Ko, Y. J. Shi, K. Ida, W. Solomon, H.
Jhang, S. S. Kim, S. Yi, S. H. Ko, Y. Sarazin, R. Singh, and C. S. Chang,
Nucl. Fusion 53, 104019 (2013).

3X. Garbet, D. Esteve, Y. Sarazin, J. Abiteboul, C. Bourdelle, G. Dif-
Pradalier, P. Ghendrih, V. Grandgirard, G. Latu, and A. Smolyakov, Phys.
Plasmas 20, 072502 (2013).

L. Wang and P. H. Diamond, Phys. Rev. Lett. 110, 265006 (2013).

3B, Labit, C. Theiler, A. Fasoli, I. Furno, and P. Ricci, Phys. Plasmas 18,
032308 (2011).

17 L. Terry, S. J. Zweben, K. Hallatschek, B. LaBombard, R. J. Maqueda,
B. Bai, C. J. Boswell, M. Greenwald, D. Kopon, W. M. Nevins, C. S.
Pitcher, B. N. Rogers, D. P. Stotler, and X. Q. Xu, Phys. Plasmas 10, 1739
(2003).

7. J. Zweben, R. J. Maqueda, D. P. Stotler, A. Keesee, J. Boedo, C. E.
Bush, S. M. Kaye, B. LeBlanc, J. L. Lowrance, V. J. Mastrocola, R.
Maingi, N. Nishino, G. Renda, D. W. Swain, J. B. Wilgen, and NSTX
Team, Nucl. Fusion 44, 134 (2004).

130, Grulke, J. L. Terry, B. LaBombard, and S. J. Zweben, Phys. Plasmas
13, 012306 (2006).

oM. Agostini, S. J. Zweben, R. Cavazzana, P. Scarin, G. Serianni, R. J.
Magqueda, and D. P. Stotler, Phys. Plasmas 14, 102305 (2007).

2G. S. Xu, V. Naulin, W. Fundamenski, C. Hidalgo, J. A. Alonso, C. Silva,
B. Goncalves, A. H. Nielsen, J. Juul Rasmussen, S. I. Krasheninnikov, B.
N. Wan, M. Stamp, and JET EFDA Contributors, Nucl. Fusion 49, 092002
(2009).

21J. Cheng, L. W. Yan, W. Y. Hong, K. J. Zhao, T. Lan, J. Qian, A. D. Liu,
H. L. Zhao, Y. Liu, Q. W. Yang, J. Q. Dong, X. R. Duan, and Y. Liu,
Plasma Phys. Controlled Fusion 52, 055003 (2010).

22R. 1. Maqueda, D. P. Stotler, and NSTX Teama, Nucl. Fusion 50, 075002
(2010).

2D, L. Rudakov, J. A. Boedo, R. A. Moyer, S. Krasheninnikov, A. W.
Leonard, M. A. Mahdavi, G. R. McKee, G. D. Porter, P. C. Stangeby, J. G.
Watkins, W. P. West, D. G. Whyte, and G. Antar, Plasma Phys.
Controlled Fusion 44, 717 (2002).

27 A. Boedo, D. L. Rudakov, R. A. Moyer, G. R. McKee, R. J. Colchin, M.
J. Schaffer, P. G. Stangeby, W. P. West, S. L. Allen, T. E. Evans, R. J.
Fonck, E. M. Hollmann, S. Krasheninnikov, A. W. Leonard, W. Nevins,
M. A. Mahdavi, G. D. Porter, G. R. Tynan, D. G. Whyte, and X. Xu, Phys.
Plasmas 10, 1670 (2003).

Bw. Fundamenski, W. Sailer, and JET EFDA contributors, Plasma Phys.
Controlled Fusion 46, 233 (2004).

200, Endler, I. Garcia-Cortes, C. Hidalgo, G. F. Matthews, ASDEX
Team, and JET Team, Plasma Phys. Controlled Fusion 47, 219
(2005).

?7J. A. Boedo, D. L. Rudakov, E. Hollmann, D. S. Gray, K. H. Burrell,
R. A. Moyer, G. R. McKee, R. Fonck, P. C. Stangeby, T. E. Evans,
P. B. Snyder, A. W. Leonard, M. A. Mahdavi, M. J. Schaffer, W. P.
West, M. E. Fenstermacher, M. Groth, S. L. Allen, C. Lasnier, G. D.
Porter, N. S. Wolf, R. J. Colchin, L. Zeng, G. Wang, J. G. Watkins,
T. Takahashi, and The DIII-D Team, Phys. Plasmas 12, 072516
(2005).

284, Kirk, N. Ben Ayed, G. Counsell, B. Dudson, T. Eich, A. Herrmann, B.
Koch, R. Martin, A. Meakins, S. Saarelma, R. Scannell, S. Tallents, M.
Walsh, H. R. Wilson, and MAST Team, Plasma Phys. Controlled Fusion
48, B433 (2006).

2A. Herrmann, A. Kirk, A. Schmid, B. Koch, M. Laux, M. Maraschek, H.
W. Mueller, J. Neuhauser, V. Rohde, M. Tsalas, E. Wolfrum, and ASDEX
Upgrade Team, J. Nucl. Mater. 363-365, 528 (2007).

304, Schmid, A. Herrmann, H. W. Muller, and ASDEX Upgrade Team,
Plasma Phys. Controlled Fusion 50, 045007 (2008).

31B. D. Dudson, N. Ben Ayed, A. Kirk, H. R. Wilson, G. Counsell, X. Xu,
M. Umansky, P. B. Snyder, B. Lloyd, and MAST Team, Plasma Phys.
Controlled Fusion 50, 124012 (2008).

*C. Silva, W. Fundamenski, A. Alonso, B. Goncalves, C. Hidalgo, M. A.
Pedrosa, R. A. Pitts, M. Stemp, and JET EFDA Contributors, Plasma
Phys. Controlled Fusion 51, 105001 (2009).

*A. Hasegawa and K. Mima, Phys. Fluids 21, 87 (1978).

0. D. Gurcan, P. H. Diamond, P. Hennequin, C. J. McDevitt, X. Garbet,
and C. Bourdelle, Phys. Plasmas 17, 112309 (2010).

30. D. Gurcan, P. H. Diamond, and T. S. Hahm, Phys. Plasmas 13, 052306
(2006).

36p. H. Diamond, S. I Itoh, and K. Itoh, Modern Plasma Physics: Vol. 1,
Physical Kinetics of Turbulence Plasmas (Cambridge University Press,
2010).

¥7A. Hasegawa and M. Wakatani, Phys. Rev. Lett. 50, 682 (1983).

83, A. Orszag, J. Fluid Mech. 41, 363-386 (1970).



052302-10 Wang, Wen, and Diamond Phys. Plasmas 22, 052302 (2015)

39p, Tamain, Ph. Ghendrih, E. Tsitrone, Y. Sarazin, X. Garbet, V. “H W, Muller, J. Adamek, R. Cavazzana, G. D. Conway, C. Fuchs, J. P.

Grandgirard, J. Gunn, E. Serre, G. Ciraolo, and G. Chiavassa, J. Nucl. Gunn, A. Herrmann, J. Horacek, C. Ionita, A. Kallenbach, M. Kocan, M.
Mater. 390-391, 347-350 (2009). Maraschek, C. Maszl, F. Mehlmann, B. Nold, M. Peterka, V. Rohde, J.

407, Loizu, P. Ricci, F. D. Halpern, S. Jolliet, and A. Mosetto, Phys. Plasmas Schweinzer, R. Schrittwieser, N. Vianello, E. Wolfrum, M. Zuin, and
21, 062309 (2014). ASDEX Upgrade Team, Nucl. Fusion 51, 073023 (2011).

413, Loizu, P. Ricci, F. D. Halpern, S. Jolliet, and A. Mosetto, Nucl. Fusion “3W. M. Manheimer and T. H. Dupree, Phys. Fluids 11, 2709 (1968).
54, 083033 (2014). 441, Zhao and P. H. Diamond, Phys. Plasmas 19, 082309 (2012).



